A MINIMALITY CRITERION FOR SURFACES OF GENERAL
TYPE WITH APPLICATIONS TO PRODUCT-QUOTIENT
SURFACES

FEDERICO FALLUCCA

ABSTRACT. We provide a numerical criterion to find the curves on a surface
of general type that are contracted to its minimal model. We then apply
this approach to product-quotient surfaces, where the criterion determines
whether all such contracted curves are contained in reducible fibers of the
two natural fibrations.

1. INTRODUCTION

Finding smooth rational curves with self-intersection —1 on a complex algebraic
surface of general type is a difficult problem. Studying their configurations relative
to other negative curves is equally challenging, yet necessary to determine the
sequence of blow-downs that yields the minimal model.

A classical approach to constructing the minimal model consists in finding an
effective canonical R-divisor D on the surface S. Since DF = KgFE = —1 for
every exceptional curve E, the support of D contains all (—1)-curves. Contracting
an exceptional curve E yields a new surface S’ and a new effective canonical R-
divisor D’. Iterating this process terminates in finitely many steps, producing the
minimal model of S.

The construction of effective canonical divisors has been studied by several
authors, such as Hirzebruch, Van der Geer, Van de Ven, and Zagier [13, 14, 18,
20], who were interested, among other things, in investigating the minimality of
Hilbert modular surfaces, see [19]. Their main strategy consists in studying special
configurations of curves on the surface and taking a positive linear combination
D of these curves satisfying D?* = DKg = K% > 0. Under these assumptions,
Kg and D are numerically equivalent by [19, Prop. 7.3], so D contains all curves
contracted to the minimal model of S.

In this paper, we present a numerical criterion to find (—1)-curves on a surface
of general type and to construct its minimal model. Our criterion extends the
classical approach by considering canonical R-divisors D = A — B that, instead of
being effective, are expressed as the difference of two effective R-divisors. For any
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exceptional (—1)-curve E on S, we have
AE = KsE+ BE =BE — 1.

Consequently, if BE < 1, then E must be a component of the support of A.
However, computing BE assumes knowledge of the relative configuration of E
and the components of B, which is typically a difficult geometric problem.

To avoid this obstacle, we exploit the intersection constraints that a (—1)-
curve and other curves must satisfy on a surface of general type, as established by
Bombieri [5], see Proposition 3.1. Specifically, we prove that if a certain real value
7(B), depending solely on B and not on F, is less than one, then BE < 7(B) < 1.
This implies that the support of A contains all (—1)-curves F on S.
Furthermore, blowing down a (—1)-curve E occurring in A yields a new surface
S’ and a pair of effective R-divisors A" and B’ = " \;C!. Since 7(B’) < 7(B) < 1
(see Theorem 3.2) then A’ contains all (—1)-curves of S’ by the same argument as
above. Iterating this process produces the minimal model Sy, in finitely many
steps.

Our first main result is the following, see Theorem 3.2:

Main Theorem A. Let S be a surface of general type, and let A and B be effective
R-divisors on S such that Ks = A — B. Write B = > X\;C;, where the C; are
distinct irreducible curves and \; € R>qg. If

(1.1) 7(B) =Y Aimax{1,2p,(C;) — C7 — 3} < 1,

then the support of A contains all curves contracted by the morphism onto the
minimal model S — Spin. In particular, it contains all (—1)-curves of S.

Combining Main Theorem A and [19, Prop. 7.3], we also obtain a generaliza-
tion of the minimality criterion developed by Hirzebruch, Van der Geer, Van de
Ven and Zagier mentioned above:

Corollary A. Let S be a surface of general type, and let A and B be effective
R-divisors on S satisfying Ks(A— B) = (A— B)? = K% > 0. If 7(B) < 1, then
A contains all curves contracted to the minimal model of S.

We then adapt this criterion to product-quotient surfaces of general type. A
product-quotient surface is the minimal resolution of singularities p: S — X of the
quotient X := (Cy x C3)/G of a product of two curves by the diagonal action of
a finite group G, see [3,4,7]. In this setting, the choice of the effective R-divisors
A and B becomes clear, see Proposition 4.8.

This setting leads to Theorem 4.9, our second main result, which we present
here in a shortened version. Let ¢; denote the number of points z € C;/G such
that the fiber over Z of the fibration X — C;/G contains a singularity of X, for
j=1,2. Let Ay C R and Ay, C R be the standard simplices.

Main Theorem B. Let p: S — X = (C1 x C3)/G be a product-quotient surface
of general type, and let F': Ay X Ay — R>( be the continuous piecewise linear



function associated with S (see Theorem 4.9). If
FOum) <1

for some (X, ) € Ay x Ay, then all curves contracted by S — Smin are contained
in reducible fibres of the two natural fibrations f1: S — C1/G and fo: S — Cs/G.

We note that the function F' is a purely combinatorial tool. It is indepen-
dent of the geometry of the product-quotient surface and depends solely on its
combinatorial structure, namely:

o the signatures of the quotient maps 7;: C; — C;/G;

e the basket of singularities of X; and

e how these singularities are distributed among the fibers of the natural
fibrations X — C1/G and X — C5/G.

Example 4.12 illustrates how the main theorem and the construction of F' work.

Main Theorem B immediately implies Proposition 4.15 and Corollary 4.16,
which represents a major improvement of [3, Prop. 4.7(2)]. When all non-canonical
singularities of X are concentrated over a single point T € Cy /G and a single point
7y € C5 /@G, these statements allow us to find the curves contracted to the minimal
model of S (if any) directly from the signatures of m;: C; — C;/G. Hence, there
is no need to construct the function F', which serves only as an intermediate tool.

As an application of Theorem 4.9, we discuss the minimality of the remaining
cases in [8, Table 21] for regular product-quotient surfaces with x(Og) = 4. This
yields Theorem 5.1:

Theorem. Let S be a reqular product-quotient surface with 23 < Kg < 32 and
x(Os) = 4. Then S is a surface of general type belonging to one of the families
described in [8, Tables 9-21]. Furthermore, except for the families n0.537, these
surfaces are minimal.

The surfaces in the families 170.537 in [8, Table 21] are not minimal; their
minimal models are studied in Theorem 5.4.

The MAGMA [6] script and the computational data required to discuss the min-
imality of the cases in [8, Table 21] are available in the public repository:

MAGMA script and results repository

The repository includes the calculations listed in Table 2. The MAGMA script con-
tains three main functions: the first extracts the combinatorial structure of S
from its defining generating vectors; the second constructs the function F' and
returns F' together with its minimum on A; x As; the third returns the genus and
self-intersection of the central components of S from its combinatorial structure,
according to theorems 4.2 and 4.5.

The paper is organized as follows. In Section 2, we provide some preliminaries
on the discrepancies of cyclic quotient singularities. We prove Lemma 2.4, where
we give a closed formula for the inverse of the intersection matrix of a Hirzebruch-
Jung string of a cyclic quotient singularity. This result is of independent interest
and should already be known, although we have been unable to locate it in the
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existing literature. In Section 3, we state and prove the first main Theorem 3.2.
Section 4 is devoted to the second main Theorem 4.9 and to the study of the fibers
of the natural fibrations of a product-quotient surface. In Section 5, we discuss
the minimality of the remaining surfaces in [8, Table 21]. Finally, in Section 6 we
discuss the minimality of product-quotient surfaces of general type with p; = ¢ =0
and K2 > —1.

Notation. We denote by = the numerical equivalence relation between divisors.
Given a collection of positive integers by,...,b > 2, we denote by [by,...,b]
the continued fraction

1
by, b)) = by — ————
by — 5
Thus, [by,...,b] is a fraction 2, for some 1 < a < n with gcd(a,n) = 1. We denote
by DIbi,...,b] := a and by NJby,...,b] := n the denominator and numerator of
the continued fraction [by,...,b], respectively.

2. THE DISCREPANCIES OF A CYCLIC QUOTIENT SINGULARITY

Let X be a Q-Gorenstein complex variety of dimension two. We denote by
Kx the class of the canonical Weil divisor on X, namely a Weil divisor such that
Ox(Kx) 2 i.(Q%,), where i: X° — X is the inclusion of the smooth locus of X.

Note that a multiple of Kx is a Cartier divisor. We recall the following

Definition 2.1. The Index of a point p € X is the minimal positive integer I,
such that I, Kx is Cartier in a neighbourhood of p.

The Index I is the minimal positive integer such that IKx is Cartier. In
particular, I = lem{I,: p € Sing(X)}. It is well-known [15, Thm. 4-6-20] that the
index of a cyclic quotient singularity p of type %(1, a) is

n

Iy,=—7F77"—7—.
P ged(n,a+ 1)

Let p: S — X be the minimal resolution of singularities of X, and let {E;} be
the family of all exceptional prime divisors of p. Then

(2.1) IKs = p*(IKx)+ Y a;iE;,  with o; €Z.

Given a singular point p € X and {E;} be the exceptional prime divisors of the
resolution of p, the coefficients a; := «;/I of E; appearing in (2.1) are called the
discrepancies of p. From the well-known Negativity Lemma in dimension two
[15, Lemma 1-8-10], all the discrepancies are non-positive, namely a; < 0. The
point p is called a canonical singularity when all the coefficients a; of F; are zero.

In this work, we only focus on surfaces with at most isolated cyclic quotient
singularities. The minimal resolution of a cyclic quotient singularity p € X of type
%(17 a) consists of replacing p by a Hirzebruch-Jung string 7 U- - -U Ey, where E;
are smooth rational curves with F;E;1qy =1, fori =1,...,4/ -1, and E;E; =0
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otherwise. Their self-intersection is Ef = —b;, where b; are the coefficients of the
continued fraction .

n

—=b— ——— = [b1,..., b

a b2 — ba—...

Definition 2.2. Given a tuple of positive integers (by,...,by) with b; > 2, the
tridiagonal matrix

b 1 0o ... 0
1 —-b 1 ... 0
A(by,...,bg) =1 0 1 —b3
: : . .1
0 0 R
is called Hirzebruch-Jung matrix of weights (b1,...,b¢). Clearly, the intersection

pair matrix of a Hirzebruch-Jung string Ey U --- U Ey of type (1,a), with 2 =
[b1,...,be], is the Hirzebruch-Jung matrix of weights (by,...,be).

Remark 2.3. The determinant of a Hirzebruch-Jung matrix A(by,...,bs) is equal
to (—=1)¢N[by, ..., b, see [10, Lem. 4.2.9].

We provide a closed formula for the inverse of a Hirzebruch-Jung matrix.

Lemma 2.4. The inverse of a Hirzebruch-Jung matriz A(by,...,be) is
D[bmin(iiys -« 01] * D[bmax(i.i)ys -+ -0
AN by by) = <— Pringigs -5 04) Dlomasti) d) .
Niby,..., b 1<ij<t

Proof. We denote for short A := A(bq,...,by).

The matrix A is symmetric, so the (i,5) and (j,¢) entries of the inverse of A
are equal to (—1)"*J %, where A;; is the matrix obtained by removing the

i-th row and j-th column from A, and det(A) = (—1)!N{[by,...,bs] from Remark
2.3. Thus, it is sufficient to determine det(A;;) for any ¢ < j. Assume that i = j;
then A;; consists of two blocks A(by,...,b;—1) and A(b;11,...,be), so that

det(A“-) = det(A(bl, ey bi—l)) . det(A(biH, ‘e ,b@)) =
= (_1)271]\][1)1’ teey bi—l] : N[bi-‘rla tee bd

Instead, assume that ¢ < j; then A;; has the following structure

A(bi, ..., bic1) | * * * * *
0 1 —bi+1 1 0 *
0 0 1 —bi+2 *
Aij = . 1
0 0 0 1 —bj1
0 0 0 0 1 *
0 0 A(bjs1,---,be)

SO
det(Ay) = (—1)!""U=D7IN[by, . bi 1] - Nbjpa, ..., bel.
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Finally, the thesis follows once one observes

[b bl]:b— 1 :bJN[b]_;,_l,,bg]—D[bJ+17,bg]

/ ’ T [bjg1s -, bl Nlbj+1,...,be]
so that N[bj_;,_l,...,bg] = D[bj,...,bg] and N[b17~-~7bi—1] = N[bi_l,...,bl] =
D[bi,bi_1,...,bi]. O

The discrepancies a; of E; of a cyclic quotient singularity can be computed
using the partial continued fractions of [by,...,be]. This result is mentioned in
[11, page 286]. We present here a short proof using Lemma 2.4.

Proposition 2.5. Let p € X be a cyclic quotient singularity of type %(l,a), with
L = [by,...,be], and let Ey U ---U Ey be its Hirzebruch-Jung string. Then in a

a

neighbourhood of the singular point of p we have Kg = p*(Kx) —|—Ef:1 a; E;, where

0= (1_ DIb;, ..., b +D[bi,b¢_1,...,b1]> ’ i=1....0
n
Proof. From [1, Sec. 6.1] and [12], then the vector @ = (aq, ..., a;) of the discrep-
ancies of p is equal to a = % (;\ + /]) — Zle v;, where vy, ..., vy is the canonical
basis of R?, while S\_and fi are the solutions of the linear systems A\ = —nv; and
Afi = —nwvg. Thus, A = —nA~'v; and i = —nA~ 1y, so the thesis follows directly
from Lemma 2.4. O

Remark 2.6. One automatically obtains the well-known fact that a cyclic quo-
tient singularity is a canonical singularity if and only if it is a rational double point,
namely a singularity of type %(1, n—1), n > 2. Indeed, if p € X of type %(1, a)
atl) " which gives a = n — 1.

n
Conversely, if p is a rational double point of type %(1, n—1), then 15 =[2,...,2]
with length n — 1, then a; = — (1— W) =0foranyi=1,...,n— 1.

is a canonical singularity, then 0 = a; = — (1 -

3. A CRITERION FOR THE MINIMALITY OF SURFACES OF GENERAL TYPE

In this section, we give a numerical criterion to establish the minimality of a
surface of general type. More precisely, we provide a method to ensure that any
curve contracted to the minimal model of the surface is contained in the support
of a certain effective R-divisor on the surface.

First of all we prove the following proposition, see also [3, Prop. 4.4],[9, Prop.
4.3], and [4, Cor. 6.8].

Proposition 3.1. Let S be a surface of general type and let E be a (—1)-curve of
S. Then any irreducible curve C' of S satisfies

CE < max{1,2p,(C) — C* - 3},

and if C is a smooth irreducible curve with CE = 1, then C? < —2. In other
words, two (—1)-curves can not intersect.
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Proof. Assume that CE > 2. Let b: S — S’ be the blow-down given by the
contraction of E. Then b(C) becomes singular and by [3, Rem. 4.3], then
Kg/b(C) > 0. Thus, we have
0 < Ks:b(C) = (Ks — B)(C + (CE)E)
=KsC-CE-FEC+CE
=2p,(C) -2 —-C? - CE,
where the latter holds as 2p,(C) — 2 = Kg - C + C2.
Now, let us suppose that C'- F = 1 with C smooth and rational. Then, after

contracting E, b(C) would still be a smooth rational curve and from [2, Prop. 2.3],
then b(C)? < 0. Thus, we have

0>bC)?*=(C+E) (C+E)=0C%+1,
so C? < —2. O

The first main theorem of the paper is the following

Theorem 3.2. Let S be a surface of general type and assume that the numerical
canonical class Kg of S can be written as Kg = A— B, where A and B are effective
R-divisors. Write B = Y X\;C;, where the C; are distinct irreducible curves and
Ai € Rzo. If

(3.1) 7(B) := Z)‘i -max{1,2p,(C;) — C? —3} < 1,

then A contains all curves contracted by the morphism onto the minimal model
S — Shin- In particular, it contains all (—1)-curves of S.

Proof. Let us consider a (—1)-curve E of S. Then KgE = —1 and from Proposition
3.1 we have

AE = (Ks+B)E = -1+ Y NCGE < —14 Y Aimax{1,2p,(C;) — C7 =3} <0.

Thus, E is a component of A. Blowing down F yields a new surface S’ and a new
pair of effective R-divisors A" and B’ = Y \;C!. We observe that

KeC]—1=KsC; —C,E—-1<KgC; — 1

for any irreducible curve C} in B’. Consequently, 7(B’) < 7(B) < 1, which implies
that A’ contains all (—1)-curves of S’ by the same argument as above. By repeating
this process, we obtain the minimal model of S in a finite number of steps. O

The rest of the paper is devoted to adapting Theorem 3.2 to product-quotient
surfaces of general type, where the choice of the effective divisors A and B becomes
clear, see Proposition 4.8 and Theorem 4.9. First, we recall the decomposition of
the singular fibers of the two natural fibrations of such surfaces.
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4. FIBRE STRUCTURE OF A STANDARD ISOTRIVIAL FIBRATION

Let us consider a finite group G acting faithfully on two smooth projective
curves C7 and and Cs having genus at least 2. We consider the diagonal action of
G on the product C x Cs.

Thus, X := (Cy x C3)/G may have at most cyclic quotient singularities arising
from points of C7 x Cy having no-trivial stabilizer.

Definition 4.1. The minimal resolution of singularities p: S — X of X is called
product-quotient surface of the quotient model X.

Any product-quotient surface S inherits from X two fibrations’
fi: S—=C/G and fa: S — Cy/G,

whose general fibres we denote respectively by F} and F;. We are interested to
study the structure of the singular fibres in further detail. Thus, we need

Theorem 4.2. ([17, Thm. 2.1]) Let p: S — X = (C1 x C2)/G be a product-
quotient surface. Consider the natural fibration fo: S — Co/G. Take any point
over § € C3/G and let F denote the schematic fibre of fo over . Then

(2) The reduced structure of F is the union of a smooth irreducible curve Y,
called the central component of I, and either none or at least two mutually
disjoint Hirzebruch-Jung strings, each meeting Y at one point, and each
being contracted by p to a singular point of X. These strings are in one-to-
one correspondence with the branch points of C; — Cy/H, where H C G is
the stabilizer of y, and if one string resolves a singularity of type %(1, a),
then the corresponding branch point has ramification index n.

(22) The intersection of a string with Y is transversal, and it takes place at
only one of the end components of the string.
(¢42) Y is isomorphic to C1/H, and has multiplicity equal to |H| in F.
An analogous statement holds if one considers the other f1: S — C1/G.

In particular, we have
(4.1) F1 >~ 02, Fg >~ Cl, and F1F2 = ‘G‘

Hence both fibrations f1 and fo of S are isotrivial.
We denote by Fy := f5(y) the fibre of S over a point y € C/G, and by Y5’

the central component of Fy, according to Theorem 4.2. Similarly, Ff := f;(Z)
denotes the fibre of S over a point T € C;/G and Y7 is its central component.
Definition 4.3. [3, Def. 1.12] Given a Galois cover m: C — C/G with Galois
group G, we denote by ex the ramification index of any point in the fibre 771(Z).
Recall that this index coincides with the order of the stabilizer of any point in the
corresponding fibre.

The signature of 7 is the list of the genus of the base curve C'/G and the increasing
sequence of the ramification indices of 7, namely ¢ := (g(C/G)|ez, - . ., ezz) with

ezg...éez.

1By abuse of notation, we still denote by f;: X — C;/G the two natural fibrations of X.



When the genus of the base curve is zero, namely C'/G = P!

t= (ez,.‘.,e;).
We also define

, we simply write

0 = O(t) = 2¢(C/G) —2+é: (1 - 1) .

€z

Thus, for a point T € C1/G, we denote by ez the ramification index of the
quotient map m1: C7 — C1/G, and similarly for a point § € Co/G. Furthermore,
for brevity, we set ©1 := ©(¢1) and O5 := O(ty), where ¢; and to are the signatures
of my and my, respectively.

Proposition 4.4. Locally around a singular point (z,y) € X of type 1(1,a), with
2 = [b1,... by, the fibres FT' and FJ of S decomposes as follows

_ — <~ Dlbs,....b - S e
FY = Y +) e, and F =e¥i+) ey

i=1 i=1

D[bi,bi—1,...,bi]
n

Eia

where Ey U ---U Ey is the Hirzebruch-Jung string of (x,y).

Proof. By Theorem 4.2(i) and (iii), then we can write F¥ = ezY7 + Y20, uiB;
and Fg = ngg + Zle XiE;, so we only need to compute the vectors i and .
We determine J, in a similar way one obtains also fi. From Theorem 4.2(i) and
(i), then Y/ E; = 1 and YJE; = 0 otherwise, for j = 1,...,¢ — 1. This permits
to compute A via intersection theory. Indeed, we have

J4
FJE; =0 =egVJE; + (Z /\iEi) E;, j=1,...,4

i=1

which is equivalent to solve the linear system AX = —ejv,, where A is the
Hirzebruch-Jung matrix of weights (b1,...,b¢) and vy, ..., vy is the canonical basis
of RY. Thus, A = —e; A71vy and the thesis follows directly from Lemma 2.4. O

Proposition 4.4 justifies the following
Notation. Given a cyclic quotient singularity p € Sing(X) of type ni(l, ap), we
P

denote by [b7,..., bfp] the Hirzebruch-Jung continued fraction of Z—P We denote
by D7 ¢, the denominator of the partial continued fraction (o7, 0% ..., bﬁp] and
by D}, the denominator of [b,b] ;...,b7]. Finally, the Hirzebruch-Jung string

arising from the resolution of p is denoted by EY U --- U EZ.
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Theorem 4.5. Let us consider a singular fibre FF of the isotrivial fibration
f1: 8 = C1/G over a point T € C1/G and its central component Yi¥. Then:

FE == fYE E 17 p Ep 5
1 = ezl + Z » Ze ny
peSing(X)nf; (@) \=1
(Y7)? = Z s Z, and

1 Np
pESing(X)Nf (@)

_ 1
29(Co) — 2 = ez | 29(Y) — 2+ > (1 - n)
pESing(X)Nf; (@) b
Analogously, given a singular fibre Fg over y € Cy/G, then

Lp p

Ty Tl z : z : D7, 1
FQy = €§Y2y + eg n, E;D 5
peSing(X)nfy ' () \i=1 b
_ a/
Y))? = E -Lez d
( 2) np ) an

peSing(X)Nfy ' (@)

i) -2=c (20D -2+ X (1-2)),

peSing(X)Nf5 ' (7) g
where 1 < a;, < n,—1 denotes the multiplicative inverse of a, in (Z/ny)" . Finally,

the intersection between two central components Y{¥ and Y2§ 18 equal to

ylfyg - ﬁ _ Z i
€f€g . — o np
p€Sing(X)Nf  (@)NSfy " ()
Proof. The decomposition of the singular fibres in irreducible components follows
directly from Proposition 4.4 applied iteratively for any singular point of X be-
longing to such fibre. The self-intersection of the central components is given by
[16, Prop. 2.8], while the genus formulae are a consequence of Theorem 4.2(7) and
(ii). It only remains to compute the intersection between Y{* and YQ‘H. Consider a
singular point point p of X belonging to the fibre of Z. If p is not contained in the
fibre of 7, then Yzy would intersect none of the components of the Hirzebruch-Jung
strings of p. Conversely, if p is contained in the fibre of 7 we would have EZ Yf =1
and Ef)ng = 0 otherwise, i = 1,..., ¢, — 1. Thus, decomposing F} in irreducible
components and intersecting F¥ with YQy we obtain
G _ vy — eovivy 4 > extEP VY
=LYy =éegly Iy z —Fe,te

-
v pESing()NF @Nf 1@

from which we automatically deduce the formula for Y7V O
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Definition 4.6. For any j = 1,2, let I; be the set of points Z € C;/G such that
Sing(X) N f;l(f) is nonempty. We consider the standard simplices

Aq = {(AE)EEHZ Z)\E =1,Xz > 0} and Aj := {(N§)§612: Z“ﬂ =1,y 2> 0} :

Remark 4.7. We observe that for any singular point (x,y) € X, then T € Iy,
y € I3, and so we can consider the corresponding variables Az and p.

Proposition 4.8. Let p: S — X = (C; x C3)/G be a product-quotient surface.
Let us fir (\z)zer, € A1 and (ug)ger, € As.

The numerical canonical class Kg can be expressed as the difference of two
effective R-divisors A and B, Kg =pum A — B, both depending on the chosen pair
(Mg)zen, and (ug)ger,. More precisely, we have

ZP
A=Y+ ) gy + > | max{g,, 0}EY |,
zel yelz p€eSing(X) \i=1

and

ep
B:= Z Zmax{—fi,p,O}Ezp

pESing(X) \ =1

For each point p = (x,y) € Sing(X), the coefficients &, are linear functions of Az
and g defined by:

P D
i1

Dy, D
(4.2) &ip(Aa, pig) = T((ST)\E+ 1)+ "

P P

(bgpy +1) — 1,

where 0z 1= O1ez, 0y := Ozey and ©1, 04 are those in Definition 4.3.

Proof. Note that |G|Kx is Cartier and p*(|G|Kx) is numerically equivalent to
(29(Cy) — 2)Fy + (29(C3) — 2)F5. Thus, applying Proposition 2.5 recursively for
any singular point of X we obtain that Kg is numerically equivalent to

£
L DY, + DY
43)  Ks=OF+0:F— Y. Y (1 ~ “) E?

: — np
peSing(X) \ =1

Note that we replaced (2¢(C;) — 2)/|G| by ©; from Riemann-Hurwitz formula
applied to the covers m;: C; — C;/G, for i = 1,2.

Now, for any fixed pair (Az)zer, € A1 and (ugy)ger, € A2, we can consider the
following convex combinations of fibres up to numerical equivalence:

Fy=)Y XF7 and Fr= Y uyFy.
el yels
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Replacing F¥ and Fg with their decomposition given by Theorem 4.5, for any
T € I; and § € I, we write

O1F + O2F = Y 0xdaYT + > SugYs+

Tel yel
(4.4) T2 > Z‘S pEp *
. zel peSing(X)nf (@) \i=1

I oV D N oL

yel2 peSing(X)nf; ') \*=1

However, the last two terms of the right side can be rearranged as

Lp 14 14
(4.5) > > (5 Pty +57DZ y> EP,

p=(z,y)E€Sing(X) i=1 "

Finally, replacing ©1 F} + O F; into the numerical canonical class Kg in (4.3) with
the expression from Equation (4.4) and using (4.5), we obtain

EP
(46)  Ks=) oAYT+ ) Gug¥d + Y | D GipEl

zel yel2 p€ESing(X) \i=1

To write Kg as the difference of the effective divisors A and B, we must de-
termine which exceptional components E? of the resolution of X appear with
a positive coefficient in Formula (4.6). By writing each &, , as the difference
& p = max{& p,0} — max{—¢; p,0}, it follows that E? appears in A with coef-
ficient max{¢; ;,,0} and in B with coeflicient max{—¢; ,,0}. O

We can finally state and prove the second main theorem of the paper.

Theorem 4.9. Let S be a product-quotient surface of general type with quotient
model X = (C1 x C3)/G. Let F: Ay x Ay — Rxg be the continuous piecewise
linear function

Ly
F((A\z)zer, (bg)yer,) = Z Zmax{f&,p,o} rnax{l,bf -3},

pESing(X) \i=1

where, for each p = (z,y) € Sing(X), the terms &, are the linear functions of Az
and py defined in (4.2).

Let us suppose that it there exists a pair ((A\z)zer, (Ug)ger,) € A1 X Ao such
that

F((\#)zen, (y)yen,) < 1.

Then all curves contracted to the minimal model of S are contained in reducible
fibres of f1: S — C1/G and fo: S — Cs/G.
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Proof. Fixing (Az)zer, € A1 and (ug)ger, € Ag, we can write Kg = A — B,
according to Proposition 4.8. We observe that, for any choice of (A7) and (i),
then the real value F'((A\z)zer, , (tg)yer,) coincides with the left-hand side 7(B) of
Theorem 3.2. By assumption, there exists a pair ((Az), (i5)) € A1 x Ag such that
F((Mz)zen, (lg)ger,) < 1; thus, Theorem 3.2 applies. However, A consists only
of some central components of S and exceptional components of the resolution of
X, which are contained in reducible fibres of the two natural fibrations of S. O

Remark 4.10. The function F' is a sum over the singular points of X. However,

singular points of X that are canonical singularities do not affect the sum; thus, the

summation can be taken over the subset of singular points that are not canonical.

Indeed, if p = (z,y) € Sing(X) is a canonical singularity of type %(1, n — 1), then:
n—1—(i—-1)

)
= (A + 1 — (O +1) =1
&ip n (6zAz + 1) + n(éyuy +1)

n—1 )
= ——dzM\z + —(0zuz) > 0.
n +n( yﬂy)_

Hence we would have max{—¢; ,,0} = 0 independently by the choice of Az and
tg. In other words, the contribution of the point p to F' is zero.

Remark 4.11. Assume that all the singularities of X lie over one point of C;/G
and over one point of Cy/G; in other words I; and I consists of only one point,
and so A; and A, are the standard O-simplices. Hence F' is a constant function,
and for any p = (z,y) € Sing(X) the terms &; , appearing in F simply become:

D p
il D; 4
§ip=—""(z+1)+——(0z+1)— L
P np

Thus, when the constant F' is less than one, then we automatically obtain that all
curves contracted to the minimal model of S are contained in reducible fibres of
the two natural fibrations of S.

We provide an easy example to show how Theorem 4.9 works.

Example 4.12. Consider a product-quotient surface belonging to the family
10.526 in [8, Table 21], see Table 1.

’ no. ‘ G(d,n) ‘ Sing(X) ‘ t ‘ to ‘ S ‘ O2 ‘
526 | (120,35) | 1/5,1/3,2/3,4/5 [ 2,6,10 | 22,35 | L | L |

TABLE 1. The information of the family of product-quotient sur-
faces n0.526 with p, =3, ¢ = 0.

It is easy to verify that there are two points of C1 /G containing some singular
point of X:; more precisely the point with ramification index 10 contains two
singular points of type % and %, while the point with ramification index 6 contains
two singular points of type % and % Thus we have two variables (A1, A2) € Aj.

Similarly, we have two points of Cy/G containing some singular point of X
that of ramification index 5 containing % and %, and that with ramification index
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3, containing £ and 2. Thus, we also have in this case two variables (pi1, pu2) € As.
The function F' is then

3 7 1 7
F(A\1, Mgy g1, p2) = 2max{5 — 1—5()\1 +u1),0} +max{3 - 1—5()\2 —|—u2)70}

Choosing (A1, A2) = (1,0) and (p1, u2) = (2, 2) we obtain F' = 0. Then Theorem
4.9 holds and so any (—1)-curve must be one of the central components of S.
However, one can apply Theorem 4.5 and compute that the genus of the central
components of the fibres over the points of ramification 10 and 5 have both genus
3, while those of the points with ramification index 6 and 3 have both genus 5.
Thus, S is a minimal surface of general type.

Remark 4.13. As shown by the example, the function F' depends only on the
combinatorial structure of S, namely on the signatures ¢; and ¢ and on the basket
of singularities of X, by accounting for how the singularities are partitioned among
the fibres of f1: X — C1/G and fo: X — Cs/G.

We conclude the section with some consequences of Theorem 4.9, namely
Proposition 4.15 and Corollary 4.16. Under the assumption that all non-canonical
singularities of X lie over a single point T € C; /G and over a single point § € Cs/G,
this result allows us to to find the (—1)-curves on a product-quotient surface of
general type directly from the signatures ¢; of the Galois coverings 7;: C; — C;/G,
without involving the function F.

We denote by &1 the signature obtained from ¢; by removing the ramification
index ez of the point T € C1/G. Similarly, t5 is obtained from ¢, by removing ey-
For instance, if we have a pair of signatures t; = (¢1/2,3,5) and t3 = (¢g2/2,6,6,7),
and if all the non-canonical singularities lie over the two points of ramification
index 3 and 6, then #; = (¢1]2,5) and #, = (9212,6,7). Finally, we define

~ 1 ~ 1
CIE= ®1+i, and Oy = ®2+i.

ez ey
Note that (:)\j =0(t) +1,forj=1,2.

Lemma 4.14. Let S be a product-quotient surface of general type. Let us assume
that all the non-canonical singularities of the quotient model X = (C1 x C)/G lie
over a single point T € C1/G and over a single point y € Cy/G. If

01 +6,>1,

then all curves contracted to the minimal model of S are contained in reducible
fibres of f1: S — C1/G and fy: S — C3/G.

Proof. From Remark 4.10, then F'is a function depending only on the two variables
Az and py. We want to compute F' at Az = puy = 1 and prove that F'(1,1) = 0.



15

To do this, it is sufficient to study &; ,(1, 1) for any singular point p = (z, g - y) €
X lying over T and . Remembering that n, divides both ez and ey, then
Dy, DY,
1
Gip(1,1) = —2(Orez +1) + —=(Oge5 + 1) — 1
Tlp np
T T
>0, 7 40, T~ 1
np Np TNy

Thus, max{—¢; ,(1,1),0} = 0 for any singular point p lying over T and §. Hence
F(1,1) = 0 and Theorem 4.9 applies. O

We consider the lexicographic order > on the set of signatures with the same
fixed genus g > 0. The length of a signature (glm;y ..., m;) is r.

Proposition 4.15. Let S be a product-quotient surface of general type such that
all the non-canonical singularities of the quotient model X = (Cy x C3)/G lie over
a single point T € C1/G and over a single point § € Co/G. Furthermore, let us
assume that the pair of signatures t1 and to of S satisfies one of the following
conditions:

(1) one between ti or ty has at least length 5; or

(2) t1 and ts have both length 4; or

(8) t1 has length 4 and to has length 3 and they satisfies one among
(a) ﬁ > (gl|2’3a@; N

) g\gl|272’6) <t < (91|2a376)/:\t2 > (9212, 3);

) t/} =(91/2,2,5), (gl|27274)7 ta > (92]2,4);

) t/} = (9112,2,3) > (9212,6);

) ty = (gl|2a2a2) > (92|3a6);

—~ N~ —~
o

’ t2

1o
or

(4) t1 and ta have both length 3 and they satisfies a—ll + % + i + é <1, where
t1 = (g1]a1,b1) and tz = (gz|as, bs).

Then all curves contracted to the minimal model of S are contained in reducible

fibres of f1: S — C1/G and fy: S — Cy/G.

Proof. In the first case, assuming that ¢; has length at least 5, one would have
—_ —_ _ 1
@1+622®12—2+4(1—2) +1>1

Instead, in the second case

é\1+é\2>2<—2+3<1—;>+1>>1.
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One can easily verify that also the other remain cases implies ©,+6, > 1. Thus,
Lemma 4.14 applies and the thesis follows. O

We conclude with an improvement of [3, Prop. 4.7(2)].

Corollary 4.16. Let S be a product-quotient surface of general type such that the
quotient model X = (Cy x C3)/G has at most one singularity of type 1(1,a), and
canonical singularities. Let us suppose that the signatures t1 and to of S fall in
one of the cases of Proposition 4.15. Then S is minimal.

Proof. If X has at most canonical singularities, then S is minimal, see [3, Prop.
4.7(2)]. Thus, let us assume that +(1,a) is non-canonical. Then Proposition 4.15
applies and a (—1)-curve E would be one of the central components of S. However,
E could not intersect more than one (—2)-curve of the resolution since two (—1)-
curves can not intersects on a surface of general type. By Theorem 4.2(i) and (iii),
then either C; or Cy would be a Galois cover of E = P! branched over two points;
a contradiction since these curves have both a genus greater or equal than 2. [

5. THE MINIMALITY OF THE REMAIN LIST OF PRODUCT-QUOTIENT SURFACES
WITH py =3, ¢ =0

In this section, we present an application of Theorem 4.9. More precisely, we
discuss the product-quotient surfaces with p; = 3 and ¢ = 0 listed in [8, Table 21],
whose minimality had not yet been established. As a consequence of this work,
we can improve [8, Thm. 0.3] as follows:

Theorem 5.1. Let S be a reqular product-quotient surface with 23 < Kg < 32 and
X(Og) = 4. Then S is a surface of general type and it realizes one of the families
of surfaces described in [8, Tables 9-21]. Furthermore, these surfaces, with the
exception of those in the families no. 537, are minimal.

Proof. The proof follows from [8, Thm. 0.3] and Proposition 5.3 below. O

The subsequent Table 2 consists of three columns: the first provides the iden-
tification number of each surface in the list [8, Table 21]; the second contains
the pair (g(Y),Y?) for each central component Y of S, and the third reports the
minimum of the function F' in A; x As.
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’ no. \ (g(Y),Y?) \ mina, xa, F ‘ ] no. \ (g(Y),Y?) \ mina, xa, F ‘
523 [ (1,-1),(10,—1) 0 540 [ (3,-2), (1,-2) 0
524 | (1,-1), (10, —1) 0 541 [ (13,-2),(1,-2) 0
525 | (46, 1), ( —1) 7/8 542 [ (5,-2), (3,-2) 3/8
526 | (3,—-1)2, (5, —1)? 0 (18, 1), (6,—1),

527 | (14, =2), (0,—2) 0 543 (5,—2) 45/56
528 | (14, -2), (0, —2) 0 544 | (13,-2), (5,-2) 9/8
(28, 1), (9, -1), 545 [ (19,-2), (0, —2) 0
529 (2,-2) 9/20 546 | (15,=1), (2, =1) 0
530 | (14, —-2), (2,—2) 3/4 547 [ (9,-2), (1,—-1)? 0
531 | (14, -2), (2,-2) 3/4 548 | (5,—1)%, (1,-2) 0
539 (4,-1), (3,-1), 0 549 | (13,-1)2, (0,-2) 0
(1,-2) 550 | (9,-2), (1,—2) 0
533 [ (0,-2), (6,—2) 0 551 | (25,-2), (1,-1)2 0
534 | (1,-1)%, (13,-2) 0 552 | (9,—2), (1,—1)2 0
(14a_ )7 (7a 1)7 (627_2)’ (25’_1)7
535 2. —1), (1.—1) 0 553 . -2) (1,-1) 0
536 | (20,—2), (0, —2) 0 (62, —2), (25, —1),
537 | (25,—1), (0, —1) 0 541 N9 J), (1,-1) 0
538 | (13,-2),(0,—2) 0 sss | (62,-2), (25, 1), 0
539 | (3,-2), (1,-2) 0 (4,-2), (1,-1)

TABLE 2. Genus and self-intersection of the central components,
and the minimum of the function F' for each family of product-
quotient surfaces in [8, Table 21].

Remark 5.2. All information in Table 2, with the exception of cases n0.538
and no.553, has been obtained by extracting the combinatorial structure (see the
Introduction and Remark 4.13) from the pair of spherical systems of generators
defining the corresponding family. More precisely, the data for each case in Table
2 and the MAGMA script used to compute their function F', its minimum, and the
genus and self-intersection of the central components are available at the following
webpage:
MAGMA script and results repository

However, due to computational restrictions, neither the number of families nor the
defining spherical systems of generators are currently known for cases n0.538 and
n0.553 in [8, Table 21].

| no.| G(dn) | SingX) | & | t» |6:1]6s]
538 | (48,48) [1/6,1/22,5/6 24,6 296 [ 5 [ 2
553 | (160,234) | 1/5,1/2%,4/5 | 2,4,5 | 24,4,5 | & | 3L

In any case, with some further analysis, one can deduce the combinatorial
structure of the surface, namely that the entire basket of singularities must be


https://github.com/Fefe9696/MAGMA_script_Minimality_Criterion_for_PQ_surfaces_of_general_type
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contained in the points of ramification index 6 for 1n0.538, while for no.553 we
have that % and % are contained in the points of ramification index 5, and the
remaining four nodes are contained in two points of ramification index 2.

While this is already sufficient to compute the function F' as well as the genus and
self-intersection of the central components, Corollary 4.16 allows us to automati-
cally deduce that they yield minimal surfaces of general type.

Proposition 5.3. Let S be a regular product-quotient surface of general type in
the list [8, Table 21] with the exception of no. 537. Then S is minimal.

Proof. The result follows directly from Theorem 4.9, as shown in Table 2, with the
only exception of case no.544. In this instance, the minimum of the function F is
%, which is greater than one; thus, Theorem 4.9 does not hold. Let us consider
this case in further detail:
|
|

’no.‘ G(d,n) ‘ Sing(X) ‘ t1 ‘ to ‘61‘

| 544 | (768,1086051) | 1/6,1/2%,5/6 [ 2,4,6 [ 2,6,8 | & |

P

o

[\
IS

One can check that there are only two central components, Y7 and Y5, over
the points of C1 /G and Cy/G with ramification index 6. We index the exceptional
divisors F; of the resolution of X according to the order of the singularities in the
basket (for instance, E; is the (—6)-rational curve, and so on). From Proposition
4.8, we have Kg = A — B, where:

1 5 7 7 5 3 7 9
A=V1+-Yo+-Fy+-FE3s+-Ey+-Fs+ -E¢+ E7r+ -F
5 1+4 2+8 2+8 3+8 4+4 5+8 6+ 7+8 8
3
B :=-F;.
g
Let us assume there exists a (—1)-curve E on S. Applying Proposition 3.1 to Ey,
we obtain By F < max{1,6—3} = 3. Let us suppose that F1 F < 2; then we would

have: 3 3 )
AE = (Ks + B)E = —1+ cEiE < =14 2 = =2 <0,

This implies that E would be in the support of A, a contradiction since both
central components have self-intersection —2. This forces F1E = 3, so AE = %.
Since FE is not a component of A, its intersection with each component of the
support of A must be non-negative. Furthermore, F must intersect at least one of
these components positively, otherwise AE would be zero. This leads to:
1 15753 _9 1
—=AF >min< =, -, -, —,—,1,—- p = —|
8 - {2’488’4”8} 2
a contradiction. Thus, F can not exist and S is a minimal surface. O

Theorem 5.4. Surfaces belonging to one of the families n0.537 are not minimal.
They have a (—1)-curve contained in a fibre of fo: S — Co/G, which intersects
transversally in one point the exceptional (—2)-curve of the resolution of the node
of the quotient model X = (C7 x C3) /G. After contracting both of these curves
we obtain a minimal surface of general type with K2 = 26.
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Proof. Surfaces belonging to the families n0.537 share the following information:

[ no. | G(dn) | SimgX) | &1 | t |6:1]6]
537 | (192,181) [ 1/8%,1/4,1/2 [ 2,3,8 [ 22,438 | L [ 1T |

One can easily verify that the entire basket of singularities is contained in the
points of ramification index 8. Moreover, Proposition 4.15 holds and so only the
two central components Y7 and Y3 may be (—1)-curves of S. Indeed, we notice
from Table 2 that Y3 is a (—1)-curve. From Theorem 4.2(i7), Y3 is intersecting
transversally in one point the (—2)-curve E4 of the resolution. We contract the
curve Y, so the strict transform of the curve E4 becomes a (—1)-curve. We
contract also the curve E4 and we obtain that the numerical canonical class of the
blow-down b: S — S’ is then

1 17 23
(5.1) Kg = 3b(V1) + 15 (b(En) + b(E2)) + ~~b(Es).
In this case, we have that
b*(b(Yl)) =Y, +5Y5 + 3Ey, b*(b(El)) =F+2Y5+ E4
b*(b(Eq)) = Ey +2Ys + Ey, b*(b(Es)) = E3 +2Ys + Ey,

so the intersection pair matrix among b(Y1),b(E1),b(Es) and b(FE3) is equal to

- [ b(Y1) | b(E) | b(E2) | b(E5)
bV | 12 | 6 6 6
BE| 6 | -6 | 2 )
b(Es) | 6 5 | =6 | 2
G ) 5 | 2

Thus, Kg is a nef divisor, as it is effective and its intersection with any of its
components (5.1) is nonnegative. O

6. THE MINIMALITY OF PRODUCT-QUOTIENT SURFACES OF GENERAL TYPE
WITH p; = ¢ =0 AND K2 > —1

In this short section, we briefly discuss the minimality of product-quotient
surfaces with p; = ¢ = 0 and K? > —1. These surfaces were classified in [3, Tables
1 and 2, Sec. 5] and [4, Subsec. 7.1 and 7.2], where their minimality was already
addressed using a different approach.

In Table 3, we list the self-intersection of the central components of S for each
case in the classification where the minimum of the function F' is non-zero, and
the case with G = Z2.

As a result, Theorem 4.9 confirms the minimality except for the last three cases
with G =2 PSL(2,7), G = GL(2,Z,4), and G = Z2.

For the first two exceptions, Theorem 4.9 does not apply. Indeed, as proved in
[3, Sec. 5] and [4, Subsec. 7.1}, the surface S admits (—1)-curves that are not
contained in the two natural fibrations of S. On the other hand, in the last case
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where G = ZZ Theorem 4.9 holds and indeed both central components of S are
(—1)-curves. This latter case is studied in detail in [4, Subsec. 7.2].

| K3 ] G | V), Y?)  [mina, xa, F |
4 A (5,-1),(2,-1) 1/4
3 25 (2,-1), (1,-1) 1/3
3 | Z3xDs | (5—-1), (1,-1) 1/2
3 A (5,—1), (2,-1) 5/6
2 | ZZx1Zs 2, —1)% 2/5
2 As (2,-1)%, (1,-2) 1/5
(4a 71) i (27 *1)a
2 | PSL(2,7) (2, -2 13/42
2 A ®, _(12)7’7(‘;’)_1)’ 11/30
2| &[S s
1 | PSL(2,7) ¢ _(i)’_(l‘r’)’g D, 1/7
1 [ PSL(2,7) | (2,-1), (1,-1) 23/12
GL(2,Z4) | (2,-2), (0,-2) 3/2
-1 72 (0, —1)? 0
TABLE 3
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